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Abstract. Any leafwise connection on a fibre bundle over a foliated manifold is proved to come 
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Let (Z, T) be a foliated manifold, where T denotes a regular foliation of Z. Let 
Y — > Z be a fibre bundle over Z. A leafwise connection on Y — > Z is defined as a partial 
| connection along the leaves of a folition T. Obviously, each connection on Y — > Z yields 

a leafwise connection. We show that any leafwise connection on Y — ► Z is of this type. 
CS) ; This fact is important, e.g., for geometric quantization of symplectic foliations. 

We start from the notion of a leafwise differential calculus on a foliated manifold. All 

00 ■ 

manifolds throughout are smooth, real, finite-dimensional, Hausdorff, paracompact, and 
^ ; connected. 

' If (Z, J-) is a (regular) foliated manifold, there is an adapted coordinate atlas 

of Z such that, for every leaf F of a foliation J 7 , the connected components of F D U 
are described by the equations z A =const., and transition functions of coordinates z A are 
>• . independent of the remaining ones |J. 

The tangent spaces to leaves of a foliation T assemble into an involutive distribution 
TT — » Z on Z called the tangent bundle to JF. Its global sections constitute the real Lie 
algebra TJ Z {Z) of vector fields on Z subordinate to TT . This Lie algebra is a left C°°(Z)- 
submodule of the derivation module of the M-ring C°°(Z) of smooth real functions on Z. 
Let Sp(Z) be the kernel of TT{Z\ acting on C°°(Z). It consists of functions, constant 
on leaves of T (i.e., foliated functions in the terminology of [ffl). Then TT{Z) is the 
Lie S'jr(2')-algebra of derivations of C°°(Z), seen as a SV(Z)-ring. Let us consider the 
Chevalley-Eilenberg differential calculus over the S'^(Z)-ring C°°(Z). It is defined as a 
co chain sub complex 

O^Sf(Z) — >C°°{Z)^t(Z)^ ^^ dim ^(Z) ^0 (2) 



yt T = {(U;z a ;z A )}, a = 1,..., dim J 7 , A = dim J" + 1, . . . , dimZ, 
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of the Chevalleqy-Eilenberg complex of the Lie SV (Z)-algebra with coefficients in the ring 
C°°(Z), where $ r (Z), r > 0, is a C°°(Z)-module of C 00 (Z)-multilinear skew-symmetric 
maps 

: xTT(Z) -> C°°(Z) 

. These maps are precisely global sections of the exterior product A TT* of the dual 
TT* — > Z of TjF — > Z. They are called the leafwise forms on a foliated manifold (Z, T) 
(one should distinguish them from foliated forms in Q which are exterior forms on Z 
constant on leaves of a foliation). With respect to the adapted coordinates (z a ; z A ) ([[J), 
the leafwise forms read 

4>= ii,.. ar rfz ai A--- Adz a % (3) 

where {dz a } are the duals of the holonomic fibre bases {d a } for TT. The Chevalley- 
Eilenberg coboundary operator on leafwise forms is given by the expression 

dcj) = dz^ A d^cj) = ^d^(p ai .,, a Jz^ A dz ai A ■ ■ ■ dz ar , fi,a < dim J 7 , (4) 

(it is precisely the operator df in ||). It is called the leafwise differential, and ($*(Z),d) 
is the leafwise differential calculus ||T|. 

Let VT = TZ/TT —>■ Z be the normal bundle to a foliation T and VT* the dual of 
VT. There are the exact sequences of vector bundles 

^TT^TZ -^VT -^0, (5) 

z z v ' 

— > VT* T*Z TjF* — > 0. (6) 

z z K ' 

The epimorphism 2* in (|S|) provides an order-preserving epimorphism of the graded differ- 
ential algebra (0*(Z), d) of exterior forms on Z to the algebra (T*(Z),d) of leafwise forms 
such that i* o d = do i*. With respect to the adapted coordinates ([I]), this epimorphism 
reads 

i* : dz a i-> dz a , i* : dz A -> 0. 

Turn now to the notion of a leafwise connection on a fibre bundle 

7T : Y -> Z (7) 

over a foliated manifold (Z, JF). The inverse images 7r _1 (F) of leaves F of the foliation T 
of Z provides a (regular) foliation Y^- of Y . One can always choose an adapted coordinate 
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atlas {(U ; z a ; z A )} ([l]) of a foliated manifold (Z, T) such that U are trivialization domains 
of a fibre bundle Y — > Z. Let (z a ;z A ;?/*) be the corresponding bundle coordinates on 
Y — > Z. They are also adapted coordinates on the foliated manifold (Y, Y^). 

Let us note that, in the terminology of @], a fibre bundle V — > Z (^) is called foliated 
if its transition functions are constant along leaves of T. 

Given the tangent bundle TYjr — > Y to the foliation Yf of Y, we have the exact 
sequence of vector bundles 

O^VY — *TY r — >YxTT^0, (8) 

Y Y z 

where VY is the vertical tangent bundle of Y — > Z. Its splitting exists, and is called a 
leafwise connection on a fibre bundle Y — > Z. It is represented by a TY-p- valued leafwise 
one-form 

^ = ^®(a Q + A^). (9) 

Let J^Y be the subbundle of the tensor product TT* ® TYjr — > Y whose image under 
the surjection 

<g> TY^ — *Fx (T.? 7 * <g> TT) 

Y Y z Z ' 

coincides with the canonical section 9jr(Y) = dz a (g> d a of the pull-back 

Y x (TT* <g> Tj* 7 ) -> Y. 

z 

One can think of J^-Y as being a leafwise jet manifold of a fibre bundle Y —> Z . With 
respect to the adapted bundle coordinates (z a ; z A ; y l ), its elements read 

dz a ®(d a + y i a d i ). 

In particular, every section s of a fibre bundle Y — > Z gives rise to the section 

j\ s = dz a <g> (<9 Q + d^di) 

of the leafwise jet bundle JpY — > Z. 

Similalry to the case of a connection, one can show that every leafwise connection on 
a fibre bundle Y — ► Z is a global section of the affine leafwise jet bundle 

n l . jX y _> y 
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and vice versa. It follows that leafwise connections constitute an affine space modelled on 
the vector space of sections of the vector bundle 

TT*®VY ->K (10) 

In particular, we have the leafwise covariant differential 
Vjc- = Id — A T o tx\ : J]Y -> Tj^* ® VY, 
V^s = (cfe* - (A l Q o 8 )dz a ) ® SSj. 
Since the exact sequence (§) is a subsequence of the exact sequence 

o -> yy — > ry — yxn^o, 

y y z 
every connection 

r = ® (a 4 + r^) + d* a ® (d a + r^) 

on a fibre bundle y — > Z yields a leafwise connection 

r^ = dz a ®(9 a + r , a 9 i ). (n) 

Conversely, let Ajr (|S|) be a leafwise connection on a fibre bundle Y — > Z and IV ( ]TT| ) 
a leafwise connection which comes from a connection on Y — > Z. Their affine difference 
over y is a section 

g = a^ - r> = dz a ® (Aj, - rjdi 

of the vector bundle (JTD|) . Given some splitting 

B : dz a ^ dz a - B c Xdz A (12) 
of the exact sequence @, the composition 

Bog : y -> tz®vy. 

y 

BoQ= - B^ A ) ® (Ai, - r a )d t , 
is a soldering form on a fibre bundle Y. Then 

r + b o q = dz A ® (d A + r A di - B%(Ai - rjo,) + dz a ® (a Q + a^) 

is a desired connection on a fibre bundle Y —>■ Z which yields the leafwise connection Ajf 
Of course, such a connection is not unique, but depends on the choice of a trivialization 



B fll2|) of the exact sequence 
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